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ABsrRAcr An analysis is made of the AC characteristics of a membrane consisting
of two fixed charge regions of opposite sign, in contact. It is shown that the equiv-
alent parallel capacitance and conductance of such a membrane undergo a strong
dispersion at low frequencies. The dielectric dispersion is a result of polarization
effects in the diffusion of coions in each of the two fixed charge lattices. This, at
low frequencies, gives rise to a very large diffusion capacitance. The form of the
dispersion characteristics is very similar to those observed for synthetic-fused
anion-cation membranes and various cellular membranes.

INTRODUCTION

In an elegant, now classical, series of experiments it was established that the ob-
served total impedance loci of various biological materials could be accounted for if
the cell membrane contained a frequency-dependent impedance element of constant
phase angle (Cole, 1928, 1932, 1965, 1968; Cole and Curtis, 1938, 1939). The pres-
ence of such an impedance element in the cell membrane was inferred from the cir-
cular arc form of the "Cole-Cole" plots of the real vs. the imaginary parts of the
total impedance. The Cole-Cole plots further indicated that changes that take place
in the membrane impedance, for instance in the presence of DC currents, largely
reflect changes in the leakage resistance of the membrane. The capacitive element,
however, itself was inferred to be also "lossy;" though having a phase angle sub-
stantially independent of frequency.
At very low frequencies, below 1 kHz in squid axons, an additional dielectric dis-

persion phenomenon is observed (e.g., see Schwann, 1954, 1957; Schwann and Cars-
tensen, 1957; Cole, 1970). In this very low frequency region the membrane capaci-
tance increases with decreasing frequency.

Recent experiments with the giant cells of Chara corallina (previously C. aus-
tralis),1 using internal longitudinal platinum/irridium electrodes in a four-terminal
configuration, have shown that for the membranes of these cells the low frequency

1 Coster, H. G. L., and J. Smith. Manuscript in preparation.
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dispersion commences at 1 Hz or less. Plots of the real vs. the imaginary part of the
complex impedance of the membrane itself yielded approximately semicircular loci,
which, extrapolated to infinite frequency, pass through the origin. At higher fre-
quencies (>200 Hz) the total membrane capacitance, but not the conductance, be-
comes almost frequency independent.
The electric current through biological membranes, when an AC or DC bias is

applied, arises from the diffusion of ions down the gradients in their electrochemical
potentials established by the applied bias. The diffusion process is associated with
polarization effects which give rise to a relaxation phenomenon (see Cole 1965;
Offner, 1969).
The present communication is concerned with the diffusion of ions through a

double fixed charge membrane (FCM) under the influence of an AC signal. It will
be shown that the double FCM model can account for the low frequency impedance
dispersion of the cell membrane and the results of Schwartz and Case (1964) for
synthetic-fused cation-anion membranes. This is particularly of interest since this
theoretical model also successfully accounts for a variety of other electrical and elec-
trochemical effects observed in cellular membranes (Coster, 1965, 1969, 1972;
Coster and Hope, 1968).

THE DOUBLE FCM MODEL

The system to be considered here has been described previously (e.g., Coster, 1965).
It consists of a region of fixed positive charges (concentration N+) in contact with a
region of fixed negative charges (concentration N-). The fixed charges are imbedded
in an inert matrix which is permeated by an ionic solution. For the analysis the na-
ture of the fixed charges need not be specified, although in the cell membrane they
could arise from the dissociation of free amino or carboyxl groups on membrane
proteins (Coster, 1969).
The junction of the fixed positive charge lattice with the fixed negative charge

lattice gives rise to a transition region (depletion layer) in which the mobile ions
have a very low concentration and the space charge density is consequently very
high (see Mauro, 1962; Coster, 1965). When a bias is applied to the system, changes
in the ion profiles lead to a storage of charge in the membrane and the system there-
fore displays the property of capacitance.

IONIC CURRENTS IN THE DOUBLE FCM

The DC electrical characteristics of the double FCM have been discussed in detail
in our previous communications. The method of analysis which will be used in the
present work is the simplified analytical method used earlier (Coster, 1965). Com-
puter solutions of the field equations (Coster et al., 1969) for the double FCM have
verified that, at least for a 100 A membrane, the former analysis2 is substantially

' It is assumed in the present analysis that NE >> ypPo and N- >> 7yNN, where PO is the cation con-
centration in the external solution, N; is the anion concentration in the "internal" solution on the

H. G. L. CosER Dispersion in Double Fixed Charge Membranes 119



x-W-V x.4,x O x= A X= W

FiGuRE 1 Qualitative profiles for the electrostatic potential (dashed curve) and the mobile
ion concentration, for the double FCM in which the left half of the membrane contains
fixed positive charges and the right half contains fixed negative charges. The region near the
abrupt junction of the two lattices (transition region or depletion layer) is almost completely
depleted ofmobile ions and subsequently the space charge density there is high.

correct for a wide range of applied potentials. An outline of some of the basic
features required for the present analysis is given below.
At zero applied bias the minority (coions) in one lattice, for instance the N+

lattice, are in equilibrium with the majority, counterions in the opposite (N-) lat-
tice. (see Fig. 1). The concentration of the ions are related by

Pm= Pm exp-q jlkT, (1)

where y6j is the junction potential between the N+ and N- lattices, Pm is the coion
minority concentration of positive ions in the N+ lattice, and Pm is the counterion
majority concentration of positive ions in the N- lattice.
The transition layer is almost completely depleted of mobile ions and therefore

has a relatively high electrical resistance compared with other regions in the mem-
brane. A bias applied to the membrane therefore appears almost completely across
the depletion layer.
The changes in the ion profiles resulting from changes in the electrostatic potential

when a bias is applied can again be determined with the aid of the Boltzmann equa-
tion (see Coster, 1965; Coster et al., 1969). The changes in ion concentrations are
confined to the minority coions in each lattice, the values at the depletion layer
boundary being given by (see also Fig. 3, Coster, 1965),

Pi = PM exp - q(itq - V)/kT = Pm exp qV/kT. (2)

other side of the membrane, yp, 7YN are the solution-membrane partition coefficients for the ions.
The condition, above, which takes into account the ion partition effects (Coster, 1973), replaces the
more stringent condition NE >> Po, N- >> N, required for the validity of the analysis previously
given.
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A similar expression holds for the coions (anions) in the N- lattice.
A change in the counterion concentration in a similar ratio would lead to very

high values of space charge. This, from energetic considerations, therefore, does not
occur.
Under bias the coion concentrations Pi and N , at the depletion layer boundary,

are not in equilibrium with the coions in the remainder of the lattice outside the
depletion layer. The DC current in the membrane arises from the diffusion of the
coions down their concentration gradients. In the steady state this concentration
varies linearly between the value Pm at the solution-membrane boundary to Pj at
the depletion layer boundary. The current density is then given by,

q dP PijPMIp = qDp dd = qDp Pi _ X+ ,

7

-= q DPP (exp qV/kT-1). (3)
Here W is the total width of the N+ lattice, DP is the diffusion constant for cations

in this lattice, and X+ is the width of the depletion layer in the N+ lattice.' A similar
expression holds for the anions. The bracketed term in the expression 3 gives rise to
the rectification properties of the system. It should be noted that the width of the
depletion layer X+ increases with increasing reverse (hyperpolarizing) bias (i.e.,
negative).4

THE LOW FREQUENCY AC CHARACTERISTICS

In the following analysis it will be assumed, for simplicity, that the applied AC po-
tential is small. In calculating the diffusion of coions therefore the width of the
depletion layer can be taken as constant. Nevertheless the small modulation of the
depletion layer width, of course, still gives rise in the normal way to the junction
capacitance discussed by Mauro (1962).
With an AC signal applied to the membrane, the concentration of coions in each

lattice will again be modulated as described above. The concentrations, however,
will now be both space and time dependent (see Fig. 2).
The following considerations apply to the coions (cations) in the N+ lattice. An

entirely analogous situation exists for the anions in the N- lattice. It will be assumed
that the principle of superposition remains valid and the space and time dependence
of the ion concentrations can be separated by writing:

P = P(x, t) =f(x).g(t) + h(x), (4)
where h is the DC component.

' Here for simplicity of notation X+ and W+ replace XN+ and WN+ as used in our previous communi-
cations.
4This eventually leads to the punch-through effect (Coster, 1965, 1969), in which the slope con-
ductance increases very rapidly with hyperpolarization.
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FiGuRE 2 Qualitative profiles for the counterions (anions, NM) and the coions (cations,
P.), in the region outside the depletion layer in the N+ lattice, when an AC signal is super-
imposed on a DC potential applied to the membrane. The dashed line indicates the corres-
ponding coion profile for the DC bias only. The coion profile at zero bias is also indicated.
Pi is the coion concentration at the depletion layer boundary at x = -X. . Note that the
profiles of ion concentration outside the depletion layer are modulated by the applied DC
bias and/or AC signal which itself appears almost entirely across the depletion layer.

The method of solution of this equation is formally similar to that for the dif-
fusion polarization given by Cole (see Cole, 1968). The electric field in the fixed
charge lattices outside the depletion layer is negligible, hence, unlike the considera-
tions of Offner (1969), the chemical or osmotic diffusion force, in complete analogy
with Cole's work, dominates the diffusion.
As in our previous considerations of the double FCM model it will again be as-

sumed that the ionic solution permeating the membrane is a strong electrolyte; that
is, it is fully dissociated. The coions therefore obey the following continuity equa-
tion.

8p D 2pp
at Ox2

Combining Eqs. 4 and 5 and making use of the fact that the gradient of the DC com-
ponent is constant then yields

g()dg(t) =K,

and

f(x) ax2f(x) = K, (6)

where K is a constant.

BIOPHYSICAL JouRNAL VOLUME 13 1973122



The solution of these equations is subject to the following two boundary condi-
tions. (a) At the membrane-solution boundary, x = - W, the coion concentration
is time independent and equal to Pm . (b) At the depletion layer boundary, x =- ,
the concentration of coions is modulated by the applied bias and can, as in the case
of a DC bias, be determined with the aid of the Boltzmann equation.
The applied bias V now contains an AC component, that is,

V = V(DC) + P expjwt. (7)

If the amplitude P' of the AC component is small the coion concentration at the
depletion layer boundary is, using Eqs. 2 and 7, given by

Pi = P,(t) = Pm exp qV(DC) [1 + expjwt]. (8)

The changes in coion concentrations will now be propagated through the N+ lattice
as an attenuated wave.
With the two boundary conditions above, the Eqs. 6 yield the following expres-

sion for the coion concentration (see Appendix).

P(x, t) = p {exp [(W + x) N7 I-exp - W + x)V 7h]} exp jot
exp + - exc~W~21Dp--ex 7 62D

+ h(x), (9)

where h is the DC component; ?, is the amplitude of the AC variation of P at the
depletion layer boundary and is given by

Pj = Pj(DC) k (Pm exp qV(DC)) F; (10)

and W+ = W - X+ is the width of the N+ lattice outside the depletion layer.
The current density is obtained in the same way as before from the slope of the

coion concentration at x = X- . Thus the AC component of the current density is
given by,

p= -qDpa Z-W+

DI[1+ exp 2 W+ (11)
Susttuin qDp PfromEq.10nexpjrothL x j W+2

Substituting for P,i from Eq. 10 and using the expression 3 for the DC current
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density, the expression for the AC current density carried by cations takes the simple
form:

IP= (4P + IPs) kT D W2 coth WI 2JDF+ exp jcot. (12)

Here Ip is the DC current density carried by cations and Ips is the corresponding
reverse saturation current (i.e., when V <<0) which would be present if the depletion
layer width always remained small compared with the total width of the N+ lattice.
Thus from Eq. 3

I q DPPm ( 13)

Analogous expressions hold for the anions.

LOW FREQUENCY IMPEDANCE

The applied potential which gives rise to the current given by Eq. 12 appears across
the depletion layer. Thus the contribution to the impedance defined by Z(P) =
P/ip, due to the diffusion of cations, is given by

P, kT tanh ,'
Z(P) = - = . ( 14)

P q(Ip + Iphs)
A similar expression holds for the anions and since the total AC current is the sum
of ip and IN the total impedance is

Z = [ZI) + Z(N)]' (15)

Each of the terms 1/Z(P) and 1/Z(N) may of course contain contributions from
more than one ion species. For instance the admittance 1/Z(P) of the N+ region in
the biological membrane would contain contributions from the (minority) sodium
and potassium ions.

Inspection of Eq. 14 reveals5 that the impedance due to diffusion limitation of the
mobile ions contains frequency-dependent resistive and reactive components. When
the two fixed charge lattices have different widths and/or the diffusion constants
DP and DN are different, the frequency dependence of Z is further complicated be-
cause of differences in the frequency dependence of Z(P) and Z(N).

6The complex nature of this impedance can be more readily seen by noting that tanh Vf'2
= [tanh (X/0F2) +j tan (X//2)I/[1 + tanh (X/V2) X j tan (X/02)]
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Apart from the impedance given by Eq. 15 the depletion layer also has a capaci-
tance due to the storage of charge, as discussed by Mauro (1962). This capacitance,
per unit area, which appears as a reactive element in parallel with the impedance
given by Eq. 15, is given by

C = f°2X'-R (16)

where eR is the relative electric permittivity (dielectric constant)and eo is the permit-
tivity of free space.

DIELECTRIC DISPERSION: NUMERICAL RESULTS

The nature of the dispersion indicated by Eqs. 14, 15, and 16 is most readily seen by
considering numerical values of the impedance and admittance at various frequencies
for appropriate numerical values of the various membrane parameters. As the results
are intended merely as an illustration of the type of dispersion to be expected, no
attempt was made to pinpoint the exact values of the parameters. The values chosen,
however, which are listed in Table I are: (a) physiologically reasonable, and (b)
are required to fit typical DC electrical characteristics for the membranes of cells of
C. corallina (see also footnote on Table I and Discussion).
The results presented are therefore aimed at accounting for the dispersion charac-

TABLE I

VALUES OF THE FCM PARAMETERS USED
IN THE NUMERICAL CALCULATIONS

(The values listed are appropriate for cells of C. corallina)

Parameter Value Comment

kT
80 kI2 cm' Gives a typical total membrane DC resistance* of

aq(IP + Ips) 40 kOl cm' at zero current (i.e., when Ip = IN = 0)
w 50 A Total membrane thickness 2 X W = looA
W+(= W ) 35 A i.e., for a depletion layer of width Xi. = A-= 15 A

in each lattice. (see Coster et al., 1969)
W2 /D 0.1, 0.2, 0.4 S This range is in accord with the DC resistance*

(see also comment when N+ = N- - 0.1 N
below)

depletion 1 IF/cm' In accord both with experimental values at fre-
C, layer quencies >200 Hz and theory, see Coster et al.,_capacitanceJ 1969.

* The diffusion constants used in the calculations are averaged over the whole membrane. If
localized regions exist (e.g., pores) the diffusion constants in these regions will be much larger
and hence the diffusion capacitances in these regions much smaller. As long as the ion profiles
are established in the remainder of the membrane, however, the total frequency-dependent
diffusion capacitance will remain substantially unaltered. The frequency dependence of the
total conductance, however, would be substantially modified, see Discussion.
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teristics of these particular cells. The theory could, however, be equally well applied
to other systems.

Dispersion Characteristics

Cole-Cole plots of the membrane impedance, including the junction capacitance, for
values of W2/D = 0.4, 0.2, and 0.1 S. are shown in Fig. 3. It is evident that the

-0.1
0.2

20 - (3) ...... 0.4

(L)
z

() (10)
0.3)

0
0 10 20 30 40

RESISTANCE (k nl cm2)
FiouRE 3 A plot of the equivalent series reactance (-jX) vs. the resistance (R) of the com-
plex impedance of the double FCM for values of W2,/D = 0.1, 0.2, and 0.4 S (D is the
diffusion constant, WA is the width of the regions outside the depletion layer in each lattice).
The number in brackets indicate frequencies in hertz. The total DC resistance of the mem-
brane was set at 40 kn cm2. The values of the other parameters injected into the numerical
calculations are listed in Table L.
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FIGuRE 4 The equivalent parallel capacitance and conductance of the double FCM as a
function of frequency for membranes with W2,/D = 0.1, 0.2, and 0.4 S. Note that at high
frequencies the capacitance approaches a value of 1 uF/cm' which is the value of the deple-
tion layer capacitance.

BIoPHYsICAL JOuRNAL VOLUME 13 1973126



4.0-
E 0.1 100-u~~~~~~~~~-~~0.2
3.0- so0 .801
10 00

0.0 0.5 1.0 1.5 0 1 10 100 1000'-.000) < 20-~~~~~~~1 10 00
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FIoURE 5 FiGuRE 6
FIouRE 5 The parallel capacitance as a function of the conductance for membranes with
W2 /D = 0.1, 0.2, and 0.4 S. The numbers in brackets indicate frequency in hertz.
FIouRE 6 The phase angle of the complex impedance as a function of frequency for double
FCM's with W2 /D = 0.1, 0.2, and 0.4 S.

impedance loci are approximately semicircular. Note, however, the low frequencies
involved (frequencies shown in brackets).
An important feature of the results is that the impedance variations are not re-

stricted to the resistive part but also involve the reactive component. This is proba-
ably most easily seen by reference to Fig. 4 which shows the equivalent parallel
conductance and capacitance of the membrane as a function of frequency, again for
W2 D-= 0.4, 0.2, and 0.1 S.

It is immediately evident that both C and G show a very strong dispersion. The
capacitance eventually, asymptotically, approaches a constant value equal to the
static depletion layer capacitance.

In the particular examples chosen, this occurs at frequencies > 200 Hz. The de-
crease in the effective dielectric constant with increasing frequency would appear to
fit the empirical power-law relationship generally observed for biological materials
(Fricke and Curtis, 1937).
The constancy of the capacitance at high frequencies, in relation to the conduct-

ance, and the rapid increase with decreasing frequency at low frequencies where the
conductance is only slowly varying are illustrated in Fig. 5.

Phase Angle of the Dispersive Element

The phase angle of the frequency-dependent impedance as a function of frequency is
shown in Fig. 6. It is evident that the phase angle, particularly for frequencies above
5 Hz, is a very slowly varying function of frequency, despite the fact that the parallel
conductance and capacitance are very rapidly varying functions of frequency.

Effect ofAsymmetrics in the Lattice Parameters

Apart from the opposite sign of their fixed charges, the two lattices of the double
FCM may also have other asymmetries. These could include differences in the widths
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FIGURE 7 FIGuRE 8
FIGURE 7 The parallel capacitance and conductance of a double FCM for which in one
lattice W'/D = 0.1 S and in the other W'/D = 2.5 S. The total DC resistance of the mem-
brane was kept at 40 kg cm2.
FIGuRE 8 A plot of the equivalent series reactance vs. the resistance of the system to which
Fig. 7 refers.

of the N+ and N- lattices, differences in the concentrations of fixed charges and dif-
ferences in the values for the diffusion constants of the coions in each lattice.
The presence of such asymmetries gives rise to more complicated dispersion curves.

For small differences in W2 /D only the total change in C and G and the frequency
range over which these changes take place is affected.
When the values of W2 /D for two or more ions are sufficiently different, separate

phases in the dispersion curve can be distinguished. Such features show up in the
double FCM, with the parameters used previously, when W2 /D differ by more than
a factor of 10. An example of such a dispersion curve is shown in Fig. 7 and the
corresponding impedance locus is shown in Fig. 8.

DISCUSSION

It was seen (Fig. 5) that the magnitude of the dispersion is strongly dependent on the
diffusion constants for the mobile ions. The dispersion described arises essentially
from polarization effects in the diffusion of the mobile ions. While the characteris-
tics of the double FCM are superimposed on the polarization effects, it is neverthe-
less not unexpected that the plots of the complex impedance are very similar to those
given by Cole (see Fig. 2:57, Cole, 1968) for the diffusion polarization of a system
of electrodes in a simple aqueous solution.
The theoretical results obtained are also in general agreement with the experimen-

tal results given by Schwartz and Case (1964) for the AC impedance of synthetic
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fused anion-cation membranes in aqueous solutions of electrolytes. These workers
anticipated that the observed behavior might be due to diffusion polarization effects.
The complex impedance loci for these membranes (Fig. 6, Schwartz and Case, 1964)
yielded segments of circular loci. This led them to analyze their results in terms of a
Cole-type equivalent circuit for the membrane. In the light of the present work their
results, which showed two distinct segments in the impedance loci, would indicate
asymmetries in the lattice parameters such as those that gave rise to the features
shown in Figs. 7 and 8. The variation of the phase angle with frequency obtained by
Schwartz and Case for the synthetic membranes are also very similar to the theoreti-
cal curves shown in Fig. 6.
The general form of the theoretical dispersion curves are further very similar to

those observed for the membranes of cells such as squid axons, muscle fibers, and
lysed erythrocytes (e.g. see, Cole 1970; Falk and Fatt, 1964; Schwann, 1950, 1954,
1957). With the particular membrane parameters chosen, good quantitative agree-
ment is obtained with the experimental results obtained with cells of C. corallina.'
The more complicated features discussed earlier, when the various parameters for
the two lattices and/or mobile ions are different, have also been observed in these
experiments.
The relative constancy of the capacitance at high frequencies, where the conduct-

ance is increasing rapidly with frequency and the rapid increase in capacitance with
decreasing frequency at very low frequencies, Fig. 5, is in line with the observations
reported by Cole for starfish egg membranes (see Cole, 1970).
As pointed out earlier for cellular membranes, the diffusion constants in small

discrete patches (e.g., "pores") may be considerably higher than in the rest of the
membrane. As long as the ion profiles are established and some conduction takes
place in the remainder of the membrane, however, the frequency-dependent diffu-
sion capacitance will remain substantially as presented. The total conductance on the
other hand is then dominated by the pore conductance which at low frequencies
would be largely frequency independent. The conductance of the remainder of the
membrane would contribute only a small but frequency-dependent component to
the total conductance. It is also worth noting that the very high membrane capaci-
tances measured at very low frequencies almost completely preclude the possibility
that a major part of the membrane merely behaves as a static dielectric.

CONCLUSIONS

The analysis of the AC characteristics of the double fixed charge membrane model
shows that:

(a) The parallel capacitance and conductance of the membrane undergo a strong
dispersion at low frequencies.

(b) At very low frequencies the diflusion capacitance makes a large contribution
to the total membrane capacitance.
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(c) At high frequencies the membrane capacitance, which is then essentially
frequency independent, is due to charge storage associated with modulation of the
width of the depletion layer.

(d) The magnitude of the low frequency diflusion capacitance increases rapidly
with decreasing values of the diffusion constants for the mobile ions in the mem-
brane.

(e) The real vs. the imaginary parts of the complex impedance yield loci which are
approximately semicircular.
() The theoretical dispersion characteristics are very similar to those observed

for C. corallina at low frequencies and are compatible with those reported for other
cellular membranes such as those of squid axons, muscle fibers, and red cell ghosts.
The results are also in accord with those reported for a synthetic-fused anion-cation
membrane.

APPENDIX

The general solution of Eq. 6 is:

P(x, t) = (C, exp x V/K/D + C2exp-x >/KID) exp Kt + h(x), (A 1)
where h is the DC component. The coion concentration at the depletion layer boundary
at x = -X+ can also be obtained using the Boltzmann relation in Eq. 2 with the potential
given by Eq. 7. This gives:

Pj(t) =p(x = -X+, t) =P. expqV(Dk +*Texpj&jtkT kT

= Pj(DC) + P,expjcot, (A2)

where

Pj(DC) = Pm exp qV(DC)kT

and Pi, the amplitude of the AC variation in Pi is given by

qPqPj= Pj(DC) exp jwt.

Comparison of the time-dependent terms in Eqs. A 1 and A 2 immediately yields K = jw
and hence,

P(x, t) = [C1 exp x vfjw/D + C2 exp - x Vj7IDI exp jwt + h(x), (A 3)

where h is the DC component.
The constants C1 and C2 in this expression can be determined as follows: at the membrane

boundary x = -W the minority ion concentration is time independent [P(x, t) = Pm].
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Thus with x -W Eq. A 3 yields

C2 = -Ciexp(-2W D'. (A 4)

At the depletion layer boundary x = -X+ Eqs. A 3 and A 4 yield

Pj(t) = P(x--= +, t)

= Ci [exp (-X+ /)- exp (-2W + X+) exp jwt

+ Pj(DC). (A5)

Comparison of Eq. A 5 with Eq. A 2 then gives

C1= p

[exp (-X+ ) - exp ((-2W + X+) D'

or

C1= x exp(+W4/,-) (A6)
[exp J/ JD - exp -/JDW +]

where W+ = W - X+ is the width of the region in the positive-fixed charge lattice out-
side the depletion layer. With Eq. A 6, Eq. A 3 yields the expression 9 given in the text.
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